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Abstract 

We study our Schwinger-Dyson equation as well as the large N c loop equation for 
supersymmetric Yang-Mills theory in four dimensions by the N = 1 superspace Wilson- 
loop variable. We are successful in deriving a new manifestly supersymmetric form in 
which a loop splitting and joining are represented by a manifestly supersymmetric as 
well as supergauge invariant operation in superspace. This is found to be a natural 
extension from the abelian case. We solve the equation to leading order in perturbation 
theory or equivalently in the linearized approximation, obtaining a desirable nontrivial 
answer. The super Wilson-loop variable can be represented as the system of one- 
dimensional fermion along the loop coupled minimally to the original theory. One- 
loop renormalization of the one-point Wilson-loop average is explicitly carried out, 
exploiting this property. The picture of string dynamics obtained is briefly discussed. 



1 This work is supported in part by Grant-in- Aid for Scientific Research (07640403) from the Ministry of 
Education, Science and Culture, Japan. 
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I. Introduction 

Intensive efforts have recently been directed to both supersymmetric gauge theories and 
superstring unification. Main motivation is that we must be able to discuss nonperturbative 
phenomena for these intelligibly before we confront ourselves to reality. In one side we 
have rich phenomena which supersymmetric gauge theories offer. These will become hints 
to how string theory should be formulated in the other. Connection between superstrings 
and gauge theories is thus beginning to play important roles in recent activities and will 
continue to progress in various directions. It has been known, in a related context, that 
the formulation of gauge theories as Schwinger- Dyson equations which exploit Wilson-loops 
as basic variables provides a natural framework to discuss nonperturbative phenomena such 
as confinement and dynamical symmetry breaking. At the same time, it exhibits string 
interactions contained in gauge theories as loop dynamics [[I], |2|, |3|. We wish to provide a 
significant step to this approach in this paper, which is relevant to current issues. 

In the previous paper Q], we initiated the (super)-gauge invariant formulation of super- 
symmetric gauge theories as Schwinger-Dyson equations. We proposed to use the Wilson- 
loop having the connection one-form in N = 1 superspace as fundamental variable. We will 
refer to this variable as super Wilson-loop ||-@ in this paper. This setup owes some of 
the good properties to the geometric formulation |8], |9| of supersymmetric gauge theories on 
N = 1 superspace, which is by now well understood in the literature 0. 

We have been successful in deriving the Schwinger-Dyson equation as well as the large N c 
loop equation in a closed form consisting of the super Wilson-loop alone. The (super)-area 
derivative acting on the super Wilson-loop, which includes the Grassmannian directions, is 
found to be a central geometric operation to our equation. The final form of our equation 
looked, however, complicated. Although it is closed with respect to the super Wilson-loop, 
it was not clear how we could make further progress with this. The basic reason for this 
complexity comes from the fact that we have to work with the Wess-Zumino gauge in order 
to carry out algebras in intermediate steps. Manifest supersymmetry is lost this way. One 
of the upshots of the present paper is that we are able to overcome this difficulty and to put 
the equation in the manifestly supergauge invariant form. 

Another aspect of the super Wilson-loop is concerned with the question of the removal 
of infinities. The super Wilson-loop is a composite operator and contains infinite number of 
insertions of gauginos and the auxiliary D field into the ordinary Wilson-loop along the curve. 
One may think that renormalization of this composite operator is prohibitively complicated. 

2 There were several attempts in the earlier literature [ll]], trying to derive supersymmetric loop 
equations. These were hampered by the lack of this geometrical formulation. 
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We will show that this is not the case. The renormalization of the super Wilson-loop is no 
more complicated than that of the ordinary Wilson-loop ||12|-[r? . 



In the next section, we introduce the superspace one-form from the vector superfield V 
which is followed by the construction of the super Wilson-loop. We list several important 
properties of the super- Wilson loop. In section three, we first derive the Schwinger-Dyson 
equation in the abelian case. Although this is a free theory, it provides us with an important 
insight into how we "gauge-unfix" the equation in subsequent sections. In section four, we 
present the derivation of our equation in the Wess-Zumino gauge. The equation we obtained 
is flOSp 



= -2 j{- l -dy a {r, - 9)a a (fj -9)- Uy a 5{r, - 9)9a b a a fjd b 

+tf (drjiv -6)+ id W a 95( V - 9)d a )}(tr W s [C z , z ]5\y - y')tr W S [C ZZ ,]) 
+2 j> ±f5( V - 9)8\y - y')dy a (a b ajf 

X {^^^) tr ^^'J) tr ^^']) - ( tr W s [C z , z ](-^^trWs[C zz ,}))^ .(4.36) 

Only the ordinary gauge invariance is kept intact. 

Section five deals with our advancement to the manifestly supersymmetric form. Being 
motivated by the abelian case, we are able to find how to make (|4.36j ) into manifestly 



supergauge invariant. This amounts to recovering the Wess-Zumino gauge volume, which is 
thrown away upon partial gauge fixing. The final form of our equation reads 

Are^a^D" - - (tr W S [C\) 
8g 2 P 5T, aa (z'y b[ J/ 



fvjDJ(z- z')(trW s [C z/z ]trW s [C zz ,]) 



(...)= / [dV}e iSsYM ■■■ . (5.13) 



We briefly discuss the picture of string dynamics obtained from the sequence of the Schwinger- 
Dyson equations beginning with this one. In section six, we solve the equation in the abelian 
case. This is equivalent to solving the full-fledged nonabelian case in the linearized approx- 
imation or to the leading order in perturbation theory. In section seven, we deal with the 
problem of removing infinities and renormalization. Representing the super Wilson-loop as 
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the first quantized system of one-dimensional fermion along the loop, this problem becomes 
that for Csym + £>path- This can then be handled in the standard fashion. We carry out the 
one-loop renormalization explicitly and the infinities are shown to cancel by local countert- 
erms. In the final section, we discuss on a few points. In the first two of three appendix, 
we give some pedagogical details on the area derivative and the Migdal-Makeenko equation. 
In the final appendix, we summarize the basic formulas on the connection one-form in su- 
perspace and the vector superfield known in the literature and used frequently in the text. 
Unless written explicitly, we follow the notation of M. 



II. Supersymmetric Wilson-loop 

Let us consider the supersymmetric Schwinger-Dyson equation using the Wilson-loop 
variable. In parallel to the ordinary path ordered exponential of the one-form dx a v a on 
spacetime x, we define the path ordered exponential of the one-form A on superspace z 
0-01) E3- From (3.77) and (|C.23|) , A is written in terms of the vector superfield V as 



A = e A A A = (dx a - idr]a a r] + ir]a a dr])A a + dr] a A a , 

A a = ^CD a e- v D/, (2.1) 

where (x,r),fj) denotes the superspace coordinates. In terms of (y = x + ir)a a "rj,r],fj), (|2.1| ) 
becomes 

A = (dy a - 2id7]a a f])A a + dr] a A a . (2.2) 

We introduce the curve C ZlZ2 on superspace, using one dimensional parameter t: 

C Zl z 2 '■ z M = z M it) 

= (x(t),T](t),fj{t)), 

< t < 1, z{0) = z 2 , z(l) = z x . (2.3) 

One can think of the Grassmannian coordinates rj(t) or fj(t) as being defined by the infinite 
number of Grassmannian parameters via Taylor expansion 

OO 1 

— T? 

n=0 n - 

OO 1 

m = E^ (n)r - 

— T) 

n=Q Um 
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Supersymmetric path-ordered exponential W^sr[C il22 ] is given by 

W S [C Z1Z2 ] = E / •*(*(*!)) / A(z(t 2 ))--- A(z(t n )) 
frrnJo Jo Jo 



n=0 ' 



Pexp / *4(z) , (2.4) 



dz M 

A(z(t)) = dt—A M (z(t)) 



In terms of (y,7],7]) 



, ,ds a dr\ n . n dr\, , 

+dt^A a . (2.5) 
at 



^(*)) = dt{^- - 2t^a a r]}A a + dt^A Q . (2.6) 



Here the capital P denotes the path-ordered product in superspace. Since the lowest com- 
ponent of A a is — |f a , Ws becomes the ordinary path-ordered exponential W if we take 

7] = f] — 0. 

The Ws[C zlZ2 ] can be characterized by 

</>{zi) = W s \C an ]4>{z 2 ) , (2.7) 

where <f>(z) denotes a certain superfield belonging to a representation of the gauge group. 
Note that the one-form A is given by Q2.ip and is expressed with the vector superfield V 
defined by (|C.24| ). It contains not only the usual Yang-Mills fields v a but also its partners 
A, A and D. From the definition of WsfC^d, namely ( [2~4"1) , we see that W^C^d has infinite 
number of insertions A, A and D along the curve C Z1Z2 . The fields A, A and D all belong to the 
adjoint representation and should be treated in the same way as v a . The Ws[C 212a ] is natural 
from that perspective, which becomes most evident in the large N c limit. The operator Ws 
possesses the properties similar to those of the ordinary path-ordered exponential W. 

(A) Ws has reparametrization invariance for curves in superspace. 

(B) For the addition of two curves, W s [C ZlZ2 ] = W s [C ZlZ }W s [C ZZ2 ] = W s [C ZlZ + C ZZl ]. 

(C) For the deformation of the curve C ZlZ2 :z{t) — > z(t) + 5z(t), we obtain 



SW S [C Z1Z2 ] = r dz M 5z N Ws[C zlz ]^ NM (z)W s [C z 

J Zo 



I z-2 

H^i^MiziWslC^} - W s [C ZiZ2 ]6z^Am} (2i 
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where 5z\ = 5z(l), 5z 2 = Sz(0) and Fnm{.z) having Einstein indices are the components of 
the field strength T 

T = dA + AA = ^dz M dz N J r NM 

= l -dz M dz N {d N A M - (-) mM] d M A N 

-A N A M + (-) mMl A M A N }. (2.9) 



From (|2.8| ), we can define the end point derivatives of Ws[C« 



^mW s [C ZiZ2 ] = A M ( Zl )W s [C ZlZ2 } , 



mW s [C ZiZ2 ] = A M ( Zl )W s [C ZlZ2 ] , W S [C Z1Z2 ] = -W s [C ZlZ2 }A M (z 2 ) . (2.10) 



Hitting with the derivative having flat indices ( see ( |C.6| )), we obtain 

B ( fw s [C ZlZ2 } = A A (zi)W s [C zlZ2 ] , 
D^W S [C Z1Z2 } = -W s [C ZlZ2 }A A (z 2 ) . (2.11) 

By virtue of the condition Aa = 0, WsfC^J satisfies 

D & W s [C zlZa \ = 0. (2.12) 

(D) We can act the area derivative in superspace on W$ in a similar way to the bosonic 
case. We find 

W S [C Z1Z2 ] = F NM (zi)W s [C ZlZ2 } , 



5T, NM (z l 



1 A,,Af f)„.N pj N n M 

5ENM = _1 { dudu _ lMm dudu 

2 os at as at 

From the definition for the field strength JF, 

T = \dz M dz N T NM = \e B e A T AB , (2.14) 

we may relate the components of Tab with those of Tnm 

T AB = -{-r m e A M e B N T NMl (2.15) 

where the matrix e A M is defined by ( |C.10| ) . Defining the area derivative S ^ AB having flat 
indices by 

' H-) lBim e A M e B N J^, (2.16) 
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we rewrite (|2.13| ) with respect to the flat indices 

5 



W S [C Z1Z2 ] = Fab(zi)W s [C ZiZ2 }. (2.17) 



As we impose the flatness condition flC.22p on the one-form A, we have 



" <W S = J^Ws = J-W S = . (2.18) 



(E) The supergauge transformations of the components Am of A are 
Am — ► A' M = — X 1 8mX + X 1 AmX , 
where X is an element of the super gauge group. The <p(z) in (|2.7|) transforms as 

4>{z) — ► (j)'(z) = X- l (f)(z) . (2.19) 
From these transformation laws, we obtain 

W S [C Z1Z2 ] — > W' S [C Z1Z2 ] = X- 1 {z 1 )W s [C ZlZ2 ]X{z 2 ) . (2.20) 

We now take the special solution to the flatness condition ( |C.22|) and look at the com- 
ponents of A having flat indices given by ( |2.1| ). The supergauge transformations which keep 
this condition are more restricted than the most general supergauge transformations as is 
explained in Appendix C. The transformation laws of Ws 

W S [C Z1Z2 ] — > W' S [C Z1Z2 ] = e~ A ^W s [C zlZ2 ]e A ^ , (2.21) 

where A(z) is a chiral superfield. The above transformation is consistent with ( |2.12 ) as 

B A W' S [C Z1Z2 ] = e- A ^D„W s [C ZlZ2 ]e A ^ 

= 0. 

It is clear that, in the case that the curve C ZlZ2 is a closed loop C zz in superspace, irW^C^] 
is invariant under e v — > e v ' = e At e v e A . 

III. The Schwinger-Dyson equation in the abelian Case 

As is well-known, the supersymmetric pure Yang-Mills Lagrangian reads as 
£sym = -^triWW) | ^ com p 0nen t 

= A / d 2 6tr(WW) = A / d 2 9d 2 9 6(9)tr(WW) . (3.1) 
8g z J ag z J 
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Furt her more 



£*yM = — 2 [d 2 6d 2 65(6)tr{--me- v D a e Y W a } 
8g z J 4 

= l — [ d 2 9d 2 9 mDS(e))tr{e- v 'D a e Y W a } 

32g 2 J 



At / d 2 9d 2 9tr{A a W a } , (3.2) 

5(T 7 



8<? 2 

where we have used DaW Q = and omitted spacetime total derivatives. 
Let us define the functional derivative of the vector superfield V by 

8 „9 ^9 r 8 1 5-1 

W{— — - - -□— — } 



5V(z) L 5C(x) 2 <JD(x)- 



i 5(M(x)+iN(x)) i 5(M(x) -iN(x)) 

+29a a e-^— - -@aTT~TT + -^tAt + ^17^ • (3-3) 



In terms of (y,9,9), 



5V(z) " - 5C(y) ' " 5*%) S(M(y)+iN(y)) 



+2i8 2 —— . - — . . + 26(T a 6—^— + i9 2 6 2 d a —^— + 2ifl d rt 



(J(M(j/)-iN(j/)) (J Vo (y) "<K(y) "5A d (y) 



These derivatives satisfy 
8 



V(z') = 8\x - x')5{6 - 8')8{9 - 9') 



5V{z) 

= 8\y - y')8{9 - 9')8{9 - 9') = 8{z - z') , (3.5) 

where y a = x a + i9a a 9, y' a = x' a + ir\a a f). 

We are now ready to obtain an equation for the abelian case. The field V includes the 



usual gauge field v a and their superpartners, gauginos A, A linearly. As in flB.l|) we start out 
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from 



d 4 xd 2 6d 2 6A a W a , 



1 



>SA 



8g 2 



W S [C] = Pexp j> A = expj A. 



ic Jc 

Note that, in the abelian case, A as well as W a is linear in the vector superfield V, 

i - 



(3.6) 
(3.7) 
(3.8) 



A a = -jj-D<j a DV , 
W a = -^DDD a V. 



(3.9) 



We find 



5V(z') 



j 1 C *SA 5 

32g 2 SV(z') 



d A xd 2 9d 2 6D a YDDD n V 



IQg 2 
. 1 
V 



e tbsA / d A xd 2 6d 2 6{D a 5{z - z'))DDD a V 



—i 



D a W a (z')e iSsA 



(3.10) 



The components of D Q W a = DW = correspond to field equations for the fields (A a , A^, v a , D) 

in dan, 

DW = -2D(y) + 26a a d a \(y) - 26a a d a \(y) 

-26a a 6d b v ba (y) + 2i999U\{y) + 2i9a a 6d a D(y) 
= 

D = , 

a a d a \ = , a a d a X = , 
d a v ab = . 

From the relation jF ad , = ia aa aW a /2, we may rewrite ( |3.10| ) as 



(3.11) 



(3.12) 



Remember that the field strength T a a is obtained by the area derivative on Ws[C]. Using 

8 



this fact and (|3.10|), we find 



7rW s [C]}e ,s « . (3.13) 
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On the other hand 

5 / , ,) 



= W S [C] I {j(dx a - idr]a a f] + ir/a a dr/)D ;/ a (I D J) 

-d7]D v }5(z - z') . (3.14) 



In terms of (y, 9, 9), 

5 .„ r „ „, r J 



-W S [C] = W s [C]fj~(dy a -2id V a a fi)D r] a a D v 



5V(z' 

-dr]Dr,}5(z - z') , (3.15) 
where z = (x,rj,f]), z' = (x',9,9). We denote by D^, the superderivatives: 

= -S-z + i(o- a fj) a - C 



dr] a x " dx' a 

d_ a ^ d 

dfj* l[Va h dx" 

Considering both ( 3. 13| ) and ( 3.14 ), we obtain the supersymmetric Schwinger-Dyson equation 
in the abeian case: 

1 



^ aa " Da 6E^) Ws[C] = Ws[C] f c V f D ^ z ~ z> 



W S [C] = (W S [C\) = J [dY]e tSsA W s [C] , (3.17) 
where we have introduced the derivative 22" by 

V a f = -^{dx a - tdr]a a f] + ivv a dv)°a a Vm 
+dr] a 

= - l -(dy a - 2idr]a a f ] )a2 a T) 11 a + dr] a 

= -e^ n a % + e«. (3.18) 

IV. The Schwinger-Dyson Equation in the nonabelian case 

Let us consider the supersymmetric Schwinger-Dyson equation for nonabelian gauge 
group U(N C ). In the previous section both the one- form A and the chiral superfield W a 
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were linear in the vector superfield V. In this case, it is natural to start with Q3.6|) . In 
the nonabelian case, both A and W a are highly non-linear in the fundamental superfield V. 
The functional derivatives of V acting on the super Wilson-loop and the super Yang-Mills 
action become very complicated. It is technically difficult to obtain this way the nonabelian 
counterpart of eq. ( |3.17| ) in the last section which is composed only of the super Wilson-loops 
and the geometric operations. We must find another way to obtain the equation. 

Let us pay attention to the left hand side of equation (|B.5|): 



il- 2 {tr{D b v ha {x)W[C xx ]}) . (4.1) 

This includes equation of motion for the Yang-Mills field v a i.e. DbV ba . It is obtained 
by hitting the area derivative and subsequently the ordinary derivative on (Ws[C]). (See 
Appendix B). 

In the previous section, the term D a W a appeared in (|3.10| ). As in ( |3.10|) , each component 



of D a W Q is composed of equations of motion for super abelian theory, and this is obtained 
by 

-^e a0 a a ^D a - 5 ., A W S [C]}. (4.2) 
We infer that the final form of the supersymmetric equation should include 

W^'" D "sih) {trWs[c]) (4 - 3) 



on the lefthand side. We choose ( f4.3[ ) our starting point for the nonabelian case. Using 
( p.l?| ) and (|2.11| ), we see that the above equation (|4.3| ) becomes 



-^e a0 a a ^D a - 5 , - (trW s [CI ) 
l-e a0( r a ^D a (tr{F ah (z)W s [C zz ] } ) 
^- 2 e aP cj a ^ (tr (V a ^(z) W s [C zz ] ) ) 

' (tr{VW(z)W s [C zz ]}) , (4.4) 



4^ 



where VW = D a W a - {A a ,W a } , (4.5) 

faa = ^aaaW". (4.6) 
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The expression PW is the nonabelian extension of D a W a . The components are equations 
of motion of the super Yang-Mills theory. Under the transformation of V, flCJ.25 ), 



e v — >e v '=e At e v e A , (4.7) 

the superfield ( f4.5| ) transforms covariantly, 

£>W — ► (VW)' = e~ A VWe A (4.8) 

The expression ( [4.4| ) is locally super-gauge invariant. In order to make further manipula- 
tions manageable, we employ the Wess-Zumino gauge condition, which eliminates the fields 
(C, x, x, M, N). We will mainly use the coordinates (y a = x a + i9a a 9,9,9) as the gauge 
covariance becomes clearer with these by the following reason. The chiral superfield A is the 
parameter of the restricted supergauge transformation. The imaginary part u of the lowest 
component of A corresponds to the usual local gauge parameter depending on the spacetime 
coordinates. In the Wess-Zumino gauge, only u of A survives as gauge parameters, in terms 
of (y,9,9). The transformations (|C.28j ) and (|C.19| ) become 



A A — ► A' A = - e iu ^D A e- iuiy) + e iu(y) A A e~ iuiy) , 

W Q — ► W a = e lu{y) W a e- lu{y) , (4.9) 

We first calculate the one-form A and the chiral superfield W a in the Wess-Zumino gauge, 
where 

V = -9a a 9v a {x) + i9 2 9\{x) - i9 2 9\{x) 
+ h 2 9 2 D(x) 
= -9a a 9v a (y) + i9 2 9\{y) - i9 2 9\{y) 

+ ±9 2 9 2 D(y) - % -9 2 9 2 d a v a (y) , (4.10) 

e v = 1 + V + iv 2 



1 - 9a a 9v a {y) + i9 2 9\{y) - i9 2 9X(y) 

+ 1 -9 2 9 2 D(y) - \9 2 9 2 v\y) - % -9 2 9 2 d a v\y) 



(4.11) 



e" v = 1-V+^V 2 
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1 + 9a a 9v a (y) - i9 2 9X{y) + i9 2 9\{y) 
-\9WV{y) + \9Wv\y) - % -9 2 9 2 d a v\y) 



(4.12) 



Using the expressions of D Q , D„ in terms of (y, 9, 9), we obtain A a and A a - 

CA a = -e- v fD/ 

= ia a 9v a {y)-2iti99\(y)+i9 2 i\(y) 
-i99 2 D{y)+i9 2 ia ab 9v ab {y) 

-9 2 9 2 £a a D a X(y) , (4-13) 



A„ = ^:D a e- v D a e v 



% 1 - 1 - 

-^ v a{y) - -A(y)a a + -9a a X(y) 

+ l -9a a 9D(y) + ha a a bc 9v bc {y) 



+ i -e 2 9a a a b D b X(y) , (4.14) 
where we have defined v a t(y) and D a X(y) respectively by 

Vab{y) = d a v b (y) - d b v a (y) + ~[v a (y), v b (y)} , 

D a X(y) = d a X(y)+ l -[v a (y),X(y)]. 

From the gauge transformation of A a given by ( |4.9| ) and the explicit expression ( |4. 14j ) , we 
find 

<V) — > <{V) = -2iU(y)d a U-\y) + U(y)v a {y)U-\y) , 
X(y) — > X\y) = U{y)X{y)U-\y), 
X(y) — > A'( 2 /) = f/(y)A(y)f/- 1 ( 2/ ), 
D(y) — D'( 2/ ) = f/(y)D(y)f/- 1 ( 2/ ) ! 

where C/(y) denotes e m ( y \ 

The chiral superfield W a takes the form 

r>V Q = ~DDe~ v CD a e v 
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-i^\{y)-i^ ab dv ab {y)^^{y) 

+6^a a D a X(y) . (4.15) 



Note that D A >V a = is trivially satisfied. 

Inserting (|4.13| ) into the one-form A given by (|2.2| ), we obtain 



i 1 - 1 

A = dy a {--v a (y) - -\{y)a a r) + -fja a X(y) 

% 1 % — 

+-f}a a r}D(y) + -fja a a bc r]v bc (y) + -rff]a a a b D b \(y)} 
+ff{—idr)\(y) + dr]r]D(y) — idrja ab r]v a b 

+ V 2 dw a DaXy)} ■ (4.16) 
The super Yang -Mills action is derived from (|3.1|) , 



1 Jd 4 ytr{-t\(y)a a D a \(y) + ^D 2 (y) 



-\v ab (y)v ab (y) - l -e abcd v ab (y)v cd (y)} (4.17) 

Hereafter, we denote a closed loop C on the superspace by 

z = z{t) = (y{t), V (t),fj{t)), 0<t<l. (4.18) 

A point on the loop C is denoted by z' = (y',8,6). Let us take functional derivatives with 
respect to v a (y'), A (?/'), \(y') and D(y') acting the action Ssym and obtain equations of 
motion for these fields: 

r-r|-S sm = ± (D b v ba (y')~la aaa {Uy'),K(y')}) , 



5X^ a (y') Ag 



5 „ 1 



' 5D(-)(y')^ SyM V 

where T r denotes the generators of the gauge group U(N C ) and the summation over r is 
implied. The expressionPW in (|4.3| ) is given in the Wess-Zumino gauge by 



irrMv') , (4-19) 



PW = D a W a - {A a ,W a } 
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= -2D(y)-29a a D a X(y)+29a a D a X(y) 
-26a b e[D a v ab (y) - \^ a {K{y),X a {y)}\ 
+2i6a a 6D a D{y) - 2i6 2 6a b a a D b D a X(y) 

-2t6 2 [D(y),6X(y)]. (4.20) 
Using Q4.19Q and Q4.20Q , we can rewrite the right hand side of equation ( f4.3|) as 

-^{tr{VW(z')W s [C z , z ,}}) 

"[dv a d\ a d\c t dD}e iSsYM tr{VW(z')W s [C z , z ,}} 



4g 



2 J [dvJX^dDMT" W S \C Z , Z ,}} J e iSs ™ (4.21) 



mod v 



A A 

+ i0*—r^ W c 



*v£ od (*0 " SD(r){y>) a 5X<£\y>) SX(rh(y> 



+e<T a e-Jr—-ie<T a eDT s) - rt 



6v£\y>) a SD^y*) 



5X^ a {y') Kyj 5D( s \y') 



and 



(4.22) 



v a S \y') = *f rts v { :\y'), 

- X (rs) {yl) s if ts X {t \y') . (4.23) 
Note that — ^- does not contain the derivatives with respect to the fields (C, x, M, N), 

^mod _ 

while ^ defined by equation ( |3.4| ) does. The covariant derivative and fields X^ rs ^ appear 
in the expression of — This is because, even in the Wess-Zumino gauge, neither A nor 

mod 

W a is linear in V in the nonabelian case. 

The infinitesimal change of the one-form A yields 

SW S [C Z1Z2 ] = £ W s [C Zlz{t) ]5A(z(t))W s [C z{t)z2 ] , (4.24) 



-15- 



where Jq 1 denotes the integration over t which parameterizes the curve C ZlZ2 and the line 
element is included in the expression 8A{z{t)). 

Let us carry out the partial integration of the functional variables (v a , A, A, D) in ( 4.21|) . 
The functional derivative j^- — acts on the Wilson-loop Ws[C z / z i}. Using ( |4.24j) , we find 



2 J [dv a d\ a d\ & dD} tr{T r W s [C z , z ,}} (r) e' Ss ™ 

mod^ Z ' 

= -2 J [dv a d\ a dXc t dD}e iSsYM 

x f tr{T r Ws{C z , z ] *^ Z) Ws[Czz ,]} , (4.25) 

where § denotes the integration over z along the closed loop C z > z i = C and the line element 
dz M is included in A(z) as in Q4.24J) . 

After some calculation from ( [4.16|) and (|4.22| ), we obtain 



A(z) = !C y + !C rn (4.26) 



6V {r) A (z 
mod v ' 

JCy = T s {- l -5 rs ( V -e)a a (fj-e) 

-^dy a 6cr b a a fjr) 2 Di sr) - d/^^te^f 1 

~dy b V a b f}9a a eDi^ - ^dy b e 2 ea a a b f}D^}S 4 (y - y') , (4.27) 
K, v = T s f{5 sr {7]d V -8d V ) 

+ir 1 2 dr 1 <j a 6D ( a sr) - 2i9a a edr ] a ba r]D i b sr) 

+idr ] T ] 6a a 6D i a sr) + i6 2 dr ] a a 6Dj 1 sr) }5\y - y') (4.28) 

v a = v a - i\a a r] , (4.29) 
Di sr) ^^^- a + l -v^\y) (4.30) 

where the summation over s is taken implicitly. Note that all derivatives in the above 
equations are with respect to y a ; they act on the delta function S 4 (y — y'). 

The right hand side of (|4.25|) as it is contains the terms depending on the fields v a = 



v a — i\a a rj explicitly and is not represented by supersymmetric Wilson-loops alone. Our 
remaining task in this section is to show that these fields are generated from geometrical 
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operations acting on the super Wilson- loop Using ( [2.11 ), we find 

l-T r W s [C zlz ]T r S 4 (y - y')Ws[C zz ,\ 

= T r W s [C z!z }{T r (d a 5\y - y'))W s [C zzl ] - [A a (z),T r }5\y - y')} 
= T r W s [C z/z ]T s {V^5(y-y')}Ws[C zz/ ], (4.31) 
Vi sr) = 5 sr -^ a -Ai sr \z). (4.32) 



_5 

'-) 

IOC 

bination v a = v a — i\a a r]. From (|4.14j) , we can express A a (z) via v a \ 



Note that, in ((126]), — ^ — r-A(z) depends on the fields v a and Aq, only through their com- 



Aa{z) = - l -V a {y) ~ tVaMz) • ( 4 -33) 

Furthermore, A a (z) can be rewritten as 

= -^(y) + 6 Q/3 DDe- v D,e v 

= -^ B (y) + ^.WW . (4.34) 

Here, in the last equality, we have used ( |C.26|) . Using this expression, we can write ( (4.26Q 
in terms of A a (z) and W a (z) without employing v a , 



— n <A(z) 

6V (r) Jz') 
mod v ' 

= T^-^dy^r] - e)a a {fj - 9) - ^dy a 5( V - 9)8a b a a fjV i 
+ l -ffdy a 6a a W {sr) 

+ff (drift - 6)5 rs + id V a a 65{ri - 6)V^) }5\y - y') . (4.35) 

We see that all field dependent terms are expressed through and W a . Note that, in 
equation ( |4.34| ), W a is multiplied by fj, while JC V defined by (|4.28|) is multiplied by ff. So 
W a originates from JC y only. 

Remember the relation between W a and Too. given by fl4.6|) and that T a a is obtained 
from area derivatives by acting on the super Wilson-loop. The right hand side of ( [4.25 ) 
can, therefore, be expressed with the derivative d a and the area derivative of the super 
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Wilson-loop alone. We conclude 

= -2 j{- l -dy a (<n - 0)a a (fj -6)- ~dy a 5( V - 9)6a h a a fjd b 

+f (d v ( v -6)+ td W a 65( V - 6)d a )}(tr W s [C z/z ]5\y - y')tr W S [C ZZ ,\) 



+2 j> ^5(7] - 6)5\y - y')dy a {a b a a ey 



x ^ ^s^^) trWs[Cz ' z])trWs[Czz,]) ~ ^ trW ^ c ^sm7) trWs[Czz,])) 



(4.36) 

Here we have used the completeness relation obeyed by the generators T r of U(N C ). 

We have obtained the supersymmetric Schwinger- Dyson equation for the nonabelian 
gauge groups ( |4.36| ) in a closed form with respect to the super Wilson-loops. Eq. Q4.36j ) 



is invariant under the ordinary gauge transformation given by (O). The invariance of the 
left hand side is obvious while that of the right hand side is less obvious. It contains the 
delta function S 4 (y — y'). At the nonvanishing support, the right hand side is invariant as 
well. 

V. Manifestly Supersymmetric Form of the Schwinger-Dyson Equa- 
tion 



One may wonder whether ( |4.36j ) is consistent with ( p.!7| ) at -/V c = 1, namely, when we 



take the abelian reduction of the nonabelian equation. We have 



-2(W s [C])f{- i -dy a ( V -9)a a (fj-e) 
-ldy a 8( V - 9)9a b a a f}d b 



+fj 2 (dr]{r] -6)+ idr)a a 65{r] - 6)d a )}5 4 {y - y') . (5.1) 

After some calculations, we see that the right hand side of ( |5.1| ) is not algebraically equal to 
that of (|3.17|). Are these two equations still consistent with each other ? We will be able to 



answer to this question in the affirmative. 
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Let us consider 

J R = D?D a <% - 0)5(7] - 9)f(z) (5.2) 



where 



f(z) = (T r WslC z , z ]T r 5\y -y')WsiC zz ,]) 

d d 
B a = —-2i{a a fj) 



and D f 



dr] a K ' dy a 
d 



Qfjd 

and T>J are given by ( p. 18 ). ( Recall that we use the same notation for z and z', 



(y, rj, rj), z' — (y', 9, 6) as before.) After some calculation, we find that Zr can be decomposed 
into 

J R = J w _ z +J d , (5.3) 
X w -z = {i(v - 0W(V - 6)dy a + 9a b a a fj6(rj - 6)dy a d h 
-2f{dr](7] -6)+ tdr]a a 65(7] - 9)d a }f(z) 

--nH^ - 6)dy a (T r W s [C z , z ]5 4 (y - y')[6cx a W,T r ]W s [C zz/ ]) , (5.4) 
X d = 6 2 {2dr)(ri-e)+5(ri-8)dy a d a }f{z) 

-e 2 ff5( V - 9)(T r W s {C z , z ]5 4 (y - y')[dr]W, T r ]W s [C zz ,\) ■ (5.5) 

In these calculations, W a comes from two origins. Let us consider the derivative T)ad a 
with this order and act on f(z). First d a acts on f(z), which generates A a through Ws 
in f(z). The subsequent action of Dq, generates Da^4. a = — T a a an d W a . ( Note that 
d a T)af(z) = because T^oWs — 0.) The W a also appears when the derivative acts on 
f(z). This action yields Ag_ which has the Einstein index. From the definition ( |2.2| ), Aa can 
be expressed with A a and A a by 

Aa A a 2z((T T])aA a . 

Using the explicit expressions for A a and A a in the Wess-Zumino gauge, we find 

Aa = fj 2 {-iX a (y) + V a V(y) ~ i(° ah v)aV ab + rf {(j a D a \) a } . 
Comparing this with ( |4.15| ), we find the following relations between Ag_ and W a '- 

Aa = tfWa ■ (5.6) 
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The W a appears when acts on f(z). 

Returning to (|5.3|) , we consider taking the trace of the first term Xw-z and integrate this 
along the closed loop C, Av-z = § tr2 w _ z . Since W Q is obtained by the area derivative on 
the Wilson-loop Ws[C 2 / z ] or K^C^/], Ay-z can be written with the super Wilson-loop and 
its area derivative alone as 

iw-z = f{i(v-0)a a (fj-e)dy a + ea b a a f}8(r 1 -e)dy a d b 

-2f d^rj -6)- 2ifdr 1 a a ed a ](trW s [C zlz }5\y - y')trW s {C zz ,\) 
+2 j> ±tfS(r) - 6)S\y - y')dy a (cx b a a f 

This Av-z is exactly the right hand side of the supersymmetric Schwinger-Dyson equation 
which we have obtained in the previous section. We find 

tr J R - I trl d 

= <fvpj(z - z')(trT r W s [C z , z ]T r W s [C zz >}) - I d , 

I d =<ftrl d . (5.7) 

In the abelian reduction of the above equation, the first term of the right hand side is the 
same as that of eq. ( |3 . 1 7| ) . 



This fact indicates that Id must identically be zero if the nonabelian equation is consistent 
with the abelian case. This is the case in fact. From the relation Aa = V 2 W a and (|2.10| ), 



dy a drj- 
x(trT r W s [C zfz }T r W s [C, 

¥ 2 f {dya w + dt w + dt w }5{7] " mv _ y,) 

x(trT r W s {C z , z ]T r W s {C zz ,]) 

l r , m 9 



-9 2 j dz M -^KV - V)5\y - y')(trT r W s iC z , z ]T r Ws{C zz ,}} , 

(5.1 
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where we have used T^dWs — — afdWs = in the second equality. This equation is the 
contour integral along the closed loop C in superspace of the total derivative and must 
vanish. 

This identity is related to the restricted supergauge transformations which we have ex- 
plained in Appendix C. Consider 

Z[C Z , Z ,\ = (W S [CW]> = / [dV]e iSs ™W s [C z , z ,] . (5.9) 

Here we do not take the trace of Ws[C z i z i] and the integrand should be understood in the 
sense of matrix elements. Under the restricted supergauge transformations, the one-form A 
transforms as 

5 A A M = -d M A + [A M ,M- (5-10) 



Using (|4.24j ), we obtain 



= j{W s [C z , z ]5 K A{z)W s [C zz ,\) 

dz M ^ M {Ws[C zlz ]K{z)W s [C zzl }) . (5.11) 

In terms of (y, rj, fj), Qz m=& = = — D<j and T>aWs = as well as D^A = 0. We find that 
the above identity becomes 

° = f {dya dy~ a + W^W8[C*,]mW 8 [Cj\) . (5.12) 



Acting on eq. (|5.12j ) the functional derivative 5A (r)^ , which satisfies 

" -A(.) = l -VH{z - z')T r = ]m(z - z')T r 



SM r \z') v ' 4 v ' 4 



we find 



= ^/{^^ + ^A }( ^ 5 [ag{D' 2 5(^-zO}TW s [^]) 

{dy a A + d V a JL}(W s [C zlz ]5( V - 6)5\y - y')T r W s [C zz ,}) . 

Multiplying this equation by the generator T r and taking its trace, we see that the right 
hand side is equal to 1^. 

Inserting 1^ = into (|5.7|) , multiplying the both sides by the gauge volume which we 
have thrown away in taking the Wess-Zumino gauge condition, we find the final form of the 
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nonabelian supersymmetric Schwinger- Dyson equation for the super Wilson-loop: 

-^e a0 a^D a — 5 , A tr W S \C\) 
V«DJ(z - z'){trW s [C z , z ]trW s [C zz ,\) , 

7 ■ — 

(...)= f[(N]e iSsYM ••• , (5.13) 



where we have used the closure property flB.ll ) of U(N C ). This expression is manifestly 



invariant under the restricted supergauge transformations. The final equation obtained is 
the first among the infinite number of the Schwinger-Dyson equations which exhaust the 
dynamics of supersymmetric Yang-Mills theory. At the same time, it exhibits string dynamics 
suggested by the theory. In fact, the right hand side tells us that the loop C splits into two 
parts by the dynamics if two points on the loop coalesce at z'; this latter condition comes 
from the delta function. 

Let us now derive the rest of the Schwinger-Dyson equations. This time, not only splitting 
of a loop but also joining of two loops can take place from the original configuration < 
JliLi trWgfCW] >. The functional derivative — — -A(z) z' E which appeared in 

the derivation of our equation in the previous section, now acts on every loop including the 
original one We find 

n In \ r 

= J29(z' 6 C<»)< II trW 8 [C®] U vf a V$5{ Zj - z')trW s \C^rW s \C%] ) 



n n In \ „ 

+ E^eC^)E( II trW s [C®] \ f 



vf a D^6(z k - z')trW s [C^ Zk + C%] ) . 



(5.14) 



Here, the step function 9(z' G C^) indicates the case that z' is on C^'. As before, the second 
line of this equation describes the splitting of an individual loop into two if two points on 
the loop coalesce at z' . The third line describes the joining of two loops into one in the case 
where the point z' is shared by the two loops. This latter condition is again a consequence 
of the delta function. 

As for the large N c limit with g 2 c = N c g 2 kept finite, we obtain the supersymmetric 
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extension of the Migdal-Makeenko equation which is summarized in Appendix B: 

= <fv]D a {6(z-z')W s [C z , z ]W s [C zz ,}}, 

Ws[C 2lZ2 ] = {±-tr W S [C Z1Z2 ]) = j [dV] e iS *™tr W s [C ZlZ2 ] . (5.15) 

The dynamics is then formally contained in the one-point averageQ. 

Eqs. ( |5.13| ) and Q5.15| ) are both manifestly supersymmetric. The supersymmetry trans- 
formations are understood as coordinate transformations in superspace: 

z = (y a , T), rj) — ► ^ = {y a + 2i W % V + C,V + 0, (5.16) 

where £ and £ denote the infinitesimal Grassmann parameters for the transformation. The 
derivatives having flat indices are invariant under the coordinate transformations; they 
commute or anticommute with the differential operator Q, Q . The bases e A are invariant 
under the coordinate transformations as well, 

e a = dy a - 2idr]cr a f] 
— ► e' a = dy' -2idr J 'a a fj' 

= d(y a + 2ir]a a £) - 2idi]a a [j] + f ) 
= e\ 

e a — > e a , e d — ► e d . (5.17) 

The delta function S(z — z') = d(r) — 9)5(fj — 0)5 4 (y — y') is obviously invariant. 

We also obtain 

AAA 
———(trW s [C]) = 0, — - {trWslC}) = 0, ; (tr W s [CI ) = . (5.18) 

from eq. (|2.18f) . These equations are identities in the original variables but should be treated 
as constraints as soon as we employ the super Wilson-loop as a fundamental variable. 

In the large N c limit ( [5.18 ) becomes 



c 1 x Wg[ci = o , - 6 , x w s [ci = o , — ; — w s [C] = o . (5.19) 



3 There may be a subtlety in taking the large N c limit in the case of supersymmetric gauge theories. This 
is related to the existence of degenerate vacua and the validity of the cluster property. 
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VI. Solution in the abelian case 



In this section, we solve the super symmetric abelian Schwinger- Dyson equation. Our 
main objective here is to check that our nonlinear functional equation does contain the 
desirable nontrivial solutions at least in the linearized approximation. Start with 

^ e ^ D ^ aQa ^M ln Ws[c] = f v f DJ{z ~ z>) ' (61) 

— -lnWcfCl =0, 

lnW s [C]=0, 



8 



-lnW s [C]=0, (6.2) 



which are respectively ( 3.17 ) and fl5.19| ) divided for each side by Ws[C]. These are the 
first order approximation to the perturbative expansion of the supersymmetric nonabelian 
Schwinger-Dyson equation. 

We now take an ansatz for the lnWg[C]: 

lnW 5 [q = <fe A fe' B V BA (z,z'), 

e A = e A (s) , z = z(s) , e' B = e B (t) , z' = z(t) , (6.3) 

fin W s [C ZfZi ] = P e A P e' B V BA (z, z')) (6.4) 

where § denotes the contour integration along the closed loop C. We use s and t to param- 
eterize the loop C . Exchanging s and t, we find the relation 

Vba(z,z') = (-) lAm V A B(z',z). (6.5) 



Since the system given by ( |6.1|) and (|6.2| ) takes a manifestly supersymmetric form and the 
bases e A are invariant under the supertransformations, Vba(z,z') must take the following 
form: 

V BA (z, z') = V BA (y a - y' a - i(r) - v> a (v + ff),r] -rf,fj - ff) = V BA (u a , r, f ) , 
where we have introduced the new coordinates u a , r and f respectively by 

u a = y a - y' a - i(rj - r]')a a (f] + ff), r = r] — rf , f = fj — ff . (6.6) 
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These new coordinates are invariant under the supersymmetry transformations Q5.16| ). Useful 
formulas for Da(u, ?7, #) or ^'a{v' i v'j v') i n terms of u a , r, and f are 



d _ d 

Q y a Q u a J 

Yy d d ^f^^a\ d 



dfj a ' dT<* \ > a du a ' 

d d_ 

dy' a du a ' 

Da = { D' a = ^ + 2i(a a f}') a ^=-^ + i(a a f) a £ , (6.7) 

Of course and commute or anticommute with each other. 
Under an infinitesimal deformation of the loop C, we obtain 

<51nW 5 [C] 

= 2 fe' B 6e' A [D' A f e c V CB (z' ', z) ~ R |A||B| D' B j e c V CA (z' } z)\ 
+Ai j(e' a 5e'« + e' & 5e ,a )a a a& j> e A V Aa (z' , z) , (6.8) 
where we used (|6.5|) and Se' A is defined by 

6e ,A = 8z M {t)e M A (t). 



The last term of the right hand side of fl6.8|) appears because we express it with the bases 
e A . The additional anzatz we take for the solution reads 

V A a = 

in lnWg[C]. This ansatz is consistent with the condition ( p.12 ) 



= D 6 lnW s [C^] = 2 H e' B V B *{z f or z h z') . (6.9) 



Let us return to (|6.8|) . The contour integral § e' B 5e' A in ( |6.8|) represents an infinitesimal 
area element which has flat indices. Therefore we get, from ( |6.8| ), the following constraints 
given by Q 

= ^M 11 ™ 

= 2fe a {D' a V a p(z',z) + D' (3 V aa (z',z)} 

-2 j> e^{D' a V 7 p{z', z) + D'pV ia (z', z)} , (6.10) 
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= 2je a {%V aa {z\ z) + 2ia h a6 p ab {z' , z)} 

-2 j> e^{D' & V ia (z', z) + 2ia b a& V lb (z', z)} , (6.11) 
where we used (|6.5|) and the condition Vaq. — 0. The equation originating from the second 



one of ( |6.2j ) is trivially satisfied as Va& = 0. 
From ( |6.10|) , we obtain 

= D , a V af 3(z',z) + n , /3 V aa {z',z), 

= D' a V 7 p{z , ,z)+D , p V ja {z',z), (6.12) 

and V aa , "P-ya are written as 

V aa (z', z) = D' a V a (z', z) , V ja (z', z) = D' Q P 7 (z', z) . (6.13) 
for V a (z',z), V 7 (z',z). From ( |6.11|) and ( |6.13j ), we obtain 



V ab (z', z) = - l -m b D'V a (z', z) , V lb (z', z) = - l -D'a b D'V,(z', z) . 

Considering the above forms of V ab , V lb and also ( |6.5D , we can express all P's with single 
function V(z', z): 

V b (z',z) = -~T)a b DV(z',z), 
V^z'.z) = D 7 P(z',z), 
V ab (z',z) = C-) 2 Da a DD'a b D'V(z',z), 

V jb (z',z) = -^D'a 6 D'D 7 P(^,z), 

V ia (z',z) = D'JW**)- (6.14) 

Here V(z', z) must satisfy the condition 

V(z',z) =V(z,z') . (6.15) 

This function should be a function of u, r, f only. We see that V must take the following 
form 

V(z', z) = Q{u) + t 2 t 2 R(u). (6.16) 
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The remaining task is to determine the function V(z, z') by considering equation (|6TT 
Using ( |6.8| ) we obtain 

2 Ie a a b&a D'AV ab (z'z) 



+ 2jePa™ a V' a %Vp a {z',z) 

= 8g 2 <f{Vpj(T)5(f)5 4 (u) + e A B A f(u,T,f)}. (6.17) 

Here we add the last term 8g 2 § e A T>Af{u 1 r, f) to the right hand side of the Schwinger- 
Dyson equation. This term is auxiliary as it has the form of total derivatives for the contour 
integral. This additional term is not necessary and we add it only for convenience. The source 
term T>JD 01 S(t)S(t)S 4i (u) does not involve the basis e a . Following this fact, we impose the 
condition that / be chiral. The f(u, r, f) must then have the form 

f(u, t, f) = A(u) + iTa a fd a k(u) + ^r 2 f 2 Uh(u) + t 2 F{u) . (6.18) 

We now insert V a b(z', z), and P 7 fe(^', z) (see ( |6.13| )) into ( |6.17| ). Using the concrete form of 
V given by (|6.16|) and matching appropriate power of r, f, we get the following independent 
differential equations of the fields Q(u), R{u) and the component fields of f(u, r, r), 

OQ(u) - AR(u) = -Aig 2 A(u) , 
□ (□Q(u) - AR(u)) = Aig 2 5 A {u) , 

F(m) = 0. (6.19) 

Solving these equations, we find that 

V(z,z') = 2ig 2 U-\n- 1 5\u)-C(u)) 

-^ 2 r¥(D-¥(«) + C(«)). (6.20) 

Here the C(u) is an arbitrary function and can be regarded as gauge parameter. We need 
not be concerned about the dependence of V(z,z') on C{u). Only Vab(z', z) are directly 
related to physical quantities and these are related to V(z, z') through the gauge independent 
combination I{u) = UQ(u) — AR(u). Using the expressions ( |6.14j ), we obtain that 

V a b{z',z) = (-) 2 {2g ab -2ira a fd b + 2iTa b fd a 

+2e abcd d c ra d f - r 2 f 2 {g ab U - d a d b )}I(u) , 
V ab (z',z) = --{{a a f) a + -f 2 (cr b a a T) a d b 
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+ir a r 2 d a }I(u) , 
V aP {z',z) = ^f 2 e a/3 I(u), 

I( u ) = Aig 2 U- x 5 A {u) . (6.21) 

These results are equal to those obtained by carrying out the path integral for the super 
Wilson-loop average. So we can conclude that our Schwinger-Dyson equation is nontrivial 
and provides no less information than the path integral method does. We should note that 
the equations given by ( |6.2| ) are as important as ( |6.1| ) in order to solve our Schwinger-Dyson 
equation. 



VII. One-dimensional fermion along the loop and renormalization 
of the one-point super Wilson-loop average 

In the previous section, we obtained the abelian as well as the nonabelian supersymmetric 
Schwinger-Dyson equations. These are, however, written in terms of bare quantities and must 
be renormalized in order to obtain physical results. For the ordinary non-supersymmetric 
Wilson-loop, the renormalization of the one-point function has been already discussed in 
refs. ||13||-||17||. The renormalization of the Wilson- loop is most transparent in terms of the 
first quantized lagrangian minimally coupled to the gauge fields (see |~2], [U|): 



£ P ath= j ds[iw(s)w(s) + gw(s)x a (s)v a (x(s))w(s)] , (7.1) 
Jo 

where w(s) is a one-dimensional fermion on a given path x a (s) and belongs to the funda- 
mental representation of SU(N C ) or U(N C ). In this language, the path-ordered exponential 
is represented as the two point function 

W[C] = [Pexp{ig f 1 dsxv a }] ij = (0\P w\0)w j (1)\0) . (7.2) 
Jo 

The proof of this equality becomes obvious if one recognizes that the right hand side of the 
above equation is a Green's function G(s = 1) satisfying 

(i^- + gx a {s)v a {s)^ G(s) = i5(s)8j . (7.3) 

The solution of this equation under G(0) = 1 is in fact the left hand side of (|7.2j ) with 
multiplication of the step function 6(s) implied. Therefore, the renormalization problem of 
the Wilson-loop - a composite operator - becomes equivalent to that of the u>-field in the 
lagrangian C path + C Y m 
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We may expect that the renormalization problem of our super Wilson-loop can be handled 
in a similar way to the non-supersymmetric case. Let us define 

£path = [ ds [iw(s)w(s) - iw(s)A(z(s))w(s)] , (7.4) 



where A(z) = c a Aa is the one-form in superspace. Using C pa th, we can write the super 
path-ordered exponential in the form similar to ( |7.2| ), 

W S [C] = [Pexp j>A(z(s))] i3 = (0\Pw l {0)w j {l)\0) . (7.5) 

Let us demonstrate the renormalization of the self-energy part of the w-field to one-loop 
order by using the dimensional regularization. We will show that the pole term appearing 
in the self-energy part is cancelled by the local counterterm 

( dsi{Z 2 -l)w{s)w(s). (7.6) 
Jo 

Here Z 2 denotes the renormalization constant of the wave function for the w field. 

At one- loop, all we have to do is to consider the leading of the vertex / wAw expanded 
in V. The ghost loop does not contribute to the one- loop self-energy part. Knowing these 
we can proceed without taking the Wess-Zumino gauge. The propagator for the w-field and 
that for the superfield V(z) are respectively 

(w {i \ Sl )w {j \s 2 )} =5 ij 6(s 2 - Sl ) 
(V {r) (z)V {s) (z')} 

= _^V*{-4(1 - «)D D 2 (n) + (1 + a)r 2 f 2 n D V)} 

= -ig 2 5 rs Y{z,z'), (7.7) 

where □ I ^ 1 (ii) and n^ 2 (u) are defined respectively by the following forms 



□5 (u 



, , d D k e~ lku i r(f-i) 



(2vr) D -k 2 4tt d / 2 u D ~ 2 



_,. , d v k e -iku % r(g-2) 

° D [U) ~ 1 (2tt) d (-k 2 ) 2 ~ 16tt d / 2 n D " 4 ' ( 



The variables u, r and r are the same ones as defined by (|6.6j). Here u is defined by 



U = y/u a U a = \J — 11q + u\ + u\ + u\ . (7.9) 

Following this definition of u, the Lorentz index a runs only from to 3. The matrices o a 
or a a are defined in 4-dimensional spacetime. 
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□ D 1 (u) and □ d 2 (m) satisfy 

□ □ D 2 (u) = (l + e)a D \u), 

□ □ D 1 (n) = 5o(u), 

. . . .r(D/2) 2e _ 4 
<W = l ^rr eu > 

4- D 



2 ' 

where □ denotes the four dimensional Klein-Gordon operator. 

The propagator for V is invariant under the four dimensional supersymmetry transfor- 
mations given by (|5.16[) and is expressible in terms of u, r and f. Using this propagator and 
the vertex interaction / dswAw in Cseff, we find 

i£« = (i) 2 j 1 d Sl C ds 2 w(s 1 )T T T s w(s 2 )6(s 2 - Sl ){A^\z)A {s \z'^ 
Jo Jo 

= -ig 2 {i) 2 C 2 {N c ) f dst ^ ds 2 w( Sl )w(s 2 )9(s 2 - Sl ) 
Jo Jo 

x{(-) 2 e a e*Da a DD'a t D' 

-~e a e' a £><JaDD' a - ~eV a D Q D'a a D' 
4 4 

+e Q e //3 D Q D^}V^,^), 
iV 2 - 1 

C 2 {N C ) = —2— — for gauge group SU(N C ) , iV c , for gauge group U(N C ) , (7.10) 

where we have taken into account that only the leading order in V in the vertex contributes 
to the one-loop self energy as we mentioned above. 

Let us evaluate the first term in iT,^\ which we denote by The term %I\ is given by 

Hi = -iC-)\ig?C 2 (N c ) f 1 dsi f 1 ds 2 w( Sl )w(s 2 )e a e' b 
4 Jo Jsi 

x{-16g ab a D \u) + l6iTa b fd a a^ l (u) - \QiTa a fd b U^ l (u) 

-16e abcd ra c fd d n^(u) + Ar 2 f 2 g ab 5 D (u)}k(e, a) , 

n 1 . . 4 — D , 

fc(e, a) = 1 + -e(l - a) , e = — ^- . (7.11) 

We have used (|7.7|). The function 5v(u) is a well-defined distribution and does not have poles 
at D = 4. The last term in the middle bracket does not contribute to the divergence. The 
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divergence comes from the point s± — s 2 . In order to estimate the behavior of the integrand 
of ( [7.1 ip around this point, we expand as Taylor series 

e' a = e a (s 2 ) = e a ( Sl ) + (s 2 - Sl )de a ( Sl ) + ■■■ , 

w{s 2 ) = w(si) + (s 2 - si)ii>(si) H , 

u a = (si - s 2 )e a ( Sl ) - - s 2 ) 2 de a ( Sl ) + ■■■, 
T = (si - s 2 )ri(s 1 ) H , 

f = (sx - s 2 )fe) + - • • ■ (7.12) 
The first term in Ji reads 

-^) 2 (z£) 2 C 2 (iV c ) J X d Sl f 1 ds 2 w(s 1 )w(s 2 )e a e' b (-16)g ab a D 1 (u) 

4 JO JS! 

= l6C-) 2 (tg) 2 C 2 (N c )^T^ - 1) £ £ rf S2 |e| 4 - D {( Sl - s 2 ) 2 - D w(si)w( Sl ) 

+ - — (D - 4)(sj - s 2 ) 3 " D w(si)u;(si) + (sj - s 2 ) 3 ~ D t(;(si)?i;(si)}fc(e, a) 

+0((D-4)), |e| 2 = e a e a . (7.13) 

The term of (si — s 2 ) 2 ~ D does not yield any pole at D = 4 after integrating over s 2 . The 
second term yields a pole, but it gets multiplied by the factor (D — 4). The contribution to 
the pole at D = 4 comes only from the last term of (|7.13|) . We find 

1 ;{ig) 2 C 2 {N c ) f 1 da 1 w( Sl )w( Sl ){--^— - 7 - i(l - a) - ln(vr|e| 2 (l - s,) 2 )} 



8tt 2V ^ zv c/ Jo y L ' v 1/1 4-D ' 2 

+ (finite term at D = 4) . (7.14) 

Next we evaluate the second, third and forth terms in the middle bracket of the integrand 
of ( |7. 1 1| ) . By using (|7.12|) , we see that each of these terms has poles but does not contribute 
to the self-energy part because of antisymmetry with respect to the indices a and b. 

We will estimate the second and the third terms in i£W, which we denote respectively 
by il 2 and Using the expansion (|7.12|) , the second term il 2 is evaluated as 

il 2 = i-(ig) 2 C 2 {N c ) [ d Sl [ ds 2 w(s 1 )w(s 2 )9(s 2 -s 1 )e a e' a 'Da a DD / a V(z,z') 
4 Jo Jo 

= i-(ig) 2 C 2 {N c ) f 1 ds 1 f 1 ds 2 iv(s 1 )w(s 2 )e a e' a {8(a a f) a n^ 
4 Jo Jsi 

-Sir a f 2 d a n^ - 4zfVa a r) Q <9 fe n D 1 }£;(e,a) 

-Xig) 2 C 2 {N c ) /'^^^^^^^^(^(^-^-^-e^a^e^^-l) 4 - 



+ (finite term at D = 4) . (7.15) 
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Similarly, the third term il 3 is evaluated as 

il 3 = i-(ig) 2 C 2 {N c ) [ 1 ds 1 f 1 ds 2 w( Sl )w(s 2 )6(s 2 - s 1 )e ,a e a D'a a D , D a V(z,z') 
4 jo Jo 

= ^(ig) 2 C 2 (N c ) £ ds 1 w(s 1 )w(s 1 )\e\ 2 - D r(® - l)^-^ e a e a a aa ^{ Sl - 1) 4 " D 
+ (finite term at D = 4) . (7.16) 

The first line of il 3 has an opposite sign to that of il 2 . We conclude that il 2 + il 3 does not 
have a pole at D = 4. The integrand of the last term in iT,^ includes only higher powers of 
(si — s 2 ) than 4 — D when expanded around S\. It does not yield a pole. 

Putting all these together, we obtain 

zEW = -±-{ ig fC 2 {N c ) f dsMsi)w{s l ){--\ + 1 - l -{l-a)-\n^\e\ 2 {l~s l f)} 
sir z Jo 4 — D 2 

+ (finite term at D = 4) . (7.17) 
At one-loop level, the self-energy part of the u>-field is renormalized by the local counterterm 

/ dsi(Z 2 — l)w(s)w(s) , 
Jo 

with Z 2 given by 

Z2 = l~ |^TO{-43r5 + 7 - ~(1 - «)} • (7-18) 

This one-loop renormalization constant Z 2 is the same one as in the non-supersymmetric 
case. 

VIII. Discussion 

We have already summarized the results from our investigation in introduction. Let us 
briefly discuss a few points which we would like to pursue. In section seven, we considered the 
renormalization of one-point function for our super Wilson-loop and carried out the explicit 
one-loop computation. We should, however, consider the renormalization of our Schwinger- 
Dyson equation (|5.15| ) as well. One may expect that this could be done by smearing the 



delta function 5(z — z') appearing in (|5.15| ) by a heat kernel. Another obvious direction is 



extension of our work to the N = 2 case. We have made some preliminary investigations 
and hope to be able to report on this. A wealth of results will be waiting on this avenue in 
connection with fl8|, [19| . 



-32- 



Appendix A. Wilson-loop and area derivative 

We represent the gauge field by v a (x) = Y,r v a\ x )T^ where are the generators of 
the gauge group. Using the spacetime curve C xy , we define the Wilson-loop as follows, 



W[C xy ] = Pexp{-J f X dw a v a (w)} , (A.l) 

Z Jy 



where the capital P denotes the usual path ordered product. The field strength in this 
notation reads 



We simply list 



i 

Vab = d a v b - d b v a + - [v a , v b ] 



-W[C xy ] = + l -W[C xy ]v a (y) , 



dy 

^~a W l C *y] = -\v a {x)W[C xy \. (A.2) 

Let us now consider two parameters s, t, and a function u a (s,t) which maps these pa- 
rameters into spacetime. For convenience we take the condition u a (0, 0) = x a . We consider 
two small curves ACi and AC 2 defined by u a (s,t) as follows: 

ACl : .(o.O^n^O)^^^^), (A.3) 
AC 2 : u(0,0) {ixi ^ =0 u(0,5t) {ixil -^ 5t u(5s,5t), (A.4) 

where 5 s and 5t are infinitesimal. Now we will evaluate the difference between W/^ACi + C^] 
and W[AC 2 + C xy ], 

5W[C xy \ = WlAd + Cvyl-WlACz + Cxy] 

= {WiACj-WiAC^WiC^}, (A.5) 

where tfW^C^] denotes that difference. Keeping the term up to the second order in 5 s and 
5t, we get 

W[Aa] - W[AC 2 ] = - % -P{ f -I }dw a v a (w) 

2 J Ad J Ad 

+k - \fP{{ I dw a v a {w)f - ( / dw a v a {w)f] 

I I J Ad J Ad 

+0{5 3 ) . (A.6) 
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X) 




du a 


du b 


ds 


ds 


du a 


du b 


dt 


dt 


du a 


du b 


ds 


dt 



Calculating J AC dw a v a {w) of the right hand side of (|A.6|) , we find that 

f du a du a 

/ dw a v a {w) = {5s— + 5t—} 
JAd ds dt 

1 d 2 u a 

1 d 2 u a 
+ -(6t) 2 {—v a (x) + ^-^-d a v b (x)} 

<)-„■' ,,,, ,,,, 

+ SM { _„ aW+ __a„ l , tW }, (A.7) 

and J AC2 dw a v a (w) is given similarly as f AC dw a v a {w) with 5s and dt exchanged. So we 
obtain 

(A.8) 

Calculating P(f AC dw a v a (w)) 2 of the right hand side of ( |A.6|) , we get 

P{J^dw a v a {w)f = Ss 2 {^v a (x)} 2 + 5t 2 {^v a (x)} 2 

du a du b 

+ 25s5t——v b (x)v a (x) , (A.9) 

and P(Jac 2 dw a v a {w)) 2 is the same as PUaCi dw a v a {w)) 2 with 5s and dt exchanged. So we 
obtain 

~( " lfP{( I dw a v a (w)) 2 - ( / dw a v a (w)) 2 } 
2 2 jaci Jac 2 

1. i,2c c r du a du h du b du a , r , . 

= "2< " 2»" fo * i( l^lF " a71T } w ^ ■ (A ' 10) 

From the equation ( A.8 ) and (|A.10|) , we see that 

Let us consider a closed curve AC = ACi — AC2. We project AC to the (x a , x 6 )-plane 
and express this curve AC afe . \ds5t{^-^- — ^7^-} is the area which is surrounded by the 
small curve AC ab . We define the area element Sa ab as this small area and we obtain the 
area derivative of the Wilson-loop as follows: 

5W [C X y] _ _i Vh(x)mC 1 

r nh 1 r r r du a du b du b du a . . . . 

fo = 2 Mt ^W ~ a71T } ' (A ' 12) 
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The gauge transformation of the Wilson-loop takes the form; 

W[C xy ] — ► W'[C xy ] = U(x)W[C xy }U-\y) . (A.13) 



In the case that the curve C xy is a closed loop C xx , we see from (|A.13 ) that the operator 



trTy[C xa ;] is gauge invariant. Since trW[C xx ] doesn't depend on x, we may express this as 
trW[C]. Note that, if we don't take the trace, W[C XX ] depends on x. Note also that VKfCy 
is a matrix and gauge variant operator although C xx is a closed loop. 



Appendix B. Migdal-Makeenko equation 



Let us start with 



= (trT^-^—W[C]) 

OVa {X) 



I [dv a ]tr(T^-^eM^YM}W[C} ) , (B.l) 

■' OVa (X) 9 



where the summation over the index r is taken tacitly. Here Sym denotes the Yang-Mills 
action which is written as follows: 

d 4 x£\ 



>) }( I « Xl^YM , 

C YM = tr{-^-v ab v ab } , (B.2) 

where £ym denotes the Yang-Mills Lagrangian density. The path integral volume element 
[dv a ] is normalized to satisfy the condition; 1 = /[<if a ] exp{ip-SyAf }. The equation (|B . 1| ) is 
trivial, because it is the total derivative of the functional variable v a . Letting the functional 
derivative T^ r '—A — act on expjiSyA/}, we find 

<5l)a (X) 



TM-i-exp^SyM} = i^- 2 D h v ba {x) exp{i±S YM } , (B.3) 
OVa (x) 9 4 <? 9 



where we have defined D b v by 



D b v ba (x) = d b v ba (x) + % - [v b (x), v ba (x)] . (B.4) 



eq. (p.l|) gives 



t -L(tr{D b v ba (x)W[C xx }}) = % - f dw a (tr{T^W[C xw }T^5^(w - x)W[C wx }}) . 



:b.s) 
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Here the § denotes the contour integral along the closed loop C . 

Let us try to rewrite the equation (|B.5|) . Remember that the field strength v ba is given 
by the area derivative of the Wilson-loop defined in ( |A.12| ), and the gauge connection v b by 
the derivative of the Wilson- loop defined in (|A.2 ). From the equation (|A.12|) , we obtain 

5 



-{trW[C}) 



5a ba (x) v " 1 " 2 
Taking the derivative of the each side of the equation 



(tr{v ba (x)W[C xx }}) 



yields 



d 



8 



dx b Sa ba (x) 



(trW[C]) 



- 2 (H 



dx b 



v ba (x))W[C xx ]}) 



--{tr{v ba (x) 



( 9 



\dx b 



W[C XX }})). 



Recall also that IVfC^J depends on x. From the equation ( |A.2j ) we see that 

d 



dx b 



W[C X 



Inserting ( P-8|) into ( p.7| ), we find 

d 5 



8x b 5(T ba (x) 



(trW[C\) 



--[v b (x),W[C xx 



--{tr{D b v ba (x)W[C xx }}) 



This tells us that we may express the equation ( p.5| ) as follows: 

1 d 5 



2g 2 dx b 5a ba (x 



■{trW[C}) 



= - j dw a (tr{ T^W[C xw }T^5^(w - x)W[C wx ] }) . 
Using the property for the fundamental representation of U(N C ) 



/ j LJ Kl 



->jk > 



the equation (|B.10|) yields 



1 d 



■{trW[C\) 



2g 2 dx b Sa ba (x) 
: % - j dw a 6 (4 \w - x){tr{ W[C XW ) }tr{ W[C WX ] }) 



vB.6) 



(B.7) 



(B.8) 



(B.9) 



(B.10) 



;b.ii) 



;b.i2) 



and this is the exact Schwinger-Dyson equation of the Wilson-loop for the gauge group 
U(N C ). ( |B.12| ) is invariant under the gauge transformation. The left hand side of ( B.12j ) is 
trivially invariant because of the invariance of trPUfC]. As for the right hand side, because 
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of the delta function, the integrand is non- vanishing only if w = x and, when w — x, each of 
irVl^C^] and trW[C xw ] is gauge invariant. Therefore we see that ( |B.12| ) is gauge invariant. 

Here we define the new coupling constant g 2 = N c g 2 and use g c instead of g in the 



equation (|B.12| ). Taking the large N c limit with g c kept finite, in the leading order of N c we 



obtain the final form; 

1 d 5 



-W[C] = -i idw a 5 {4 \w-x)W[C xw }W[C wx }, (B.13) 



g 2 c dx b 5a ba (x) I 

where ~W[C xy ] denotes the quantum average of the Wilson-loop; 

1 r N 1 

W[Cy = ( W trW[C xy }) = J ldv a ]exp{i-lS YM }—trW[a 



The non-linear equation ( p,13|) for the W[C] is well known as Migdal-Makeenko equation. 



Note that in the leading order of N c , W[C xy ] is composed of only the planar diagrams. 

In the abelian case we can easily obtain the Schwinger- Dyson equation which corresponds 
to the equation (p,13| ); 



1 d 5 



g 2 dx b 5aba(x 

In this case we can calculate W[C] directly from its definition 



W[C] = -i\V[C]j>dw a 5 {i \w-x). (B.14) 



W[C] = (W[C\) = I [dv a ]eM^AB}W[C] 

J (J 



9 

where Sab is the abelian action. We can carry out this path integral because of its Gaussian 
type. The result is 



W[C] = exp{- l -g 2 ff dx a dy a n-\x-y)} 

dx a dy a 
(x-y) 



e*P{4^//f^}. (B.15) 



This satisfies the equation (|B.14[). 



Appendix C. Vector Superfields 

The elements of superspace are denoted by 

z M = ( x a ,^,r), (C.l) 
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where the capital letter M represents the four-vector index a as well as the spinor indices a 
and a. Elements of superspace obey the following multiplication law: 

Z M Z N = { _ ) \M\\N\ z N z M _ 

Here |M| is the following function of M: 

\M\ = 



0, when Mis a vector index, 

1, when Mis a spinor index. 



Exterior products in superspace are defined in complete analogy to ordinary space: 

dz M A dz N = -(-)\ M W N \dz N Adz M , 

dz M z N = H \M\\N\ z N dz M 

The p-forms on superspace is expressed as 

fi p = dz Ml A dz Mi A ■ ■ • A dz M ^ Mp ... M2Ml (z), (C.2) 

where we implicitly take the summation of Mi, M 2 , • • • , M p as in the usual manner for upper 
and lower indices. From now on we shall drop the symbol A for exterior multiplication. 

We now introduce exterior derivatives on superspace which map p-forms into (p+ In- 
forms, 

n p = dz M ^--dz M -Q Mp ... Ml (z), 

dn p = dz M ^--dz M ^dz M -^n Mp ... Ml (z). (c.3) 

From this definition of exterior derivatives, we can straightforwardly show the following 
properties: 

d(fi p + S p ) = d£l p + dE p , 

rf(fi p fi q ) = fi p dfi q + (-) q (dn p )n q , 

dd = 0, (C.4) 

where Q p , S p are p-forms and Q q q- forms. 

Let us consider a one-forms A and identify it with the gauge field on superspace, 

A = dz M A M (z) = dz M A { H{z)iT r , (C.5) 

where T r denotes the generator of a gauge group. 
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The super transformation of superfields is defined by using differential operators Q a , Qa- 
The exterior derivative d = dz M q^w does not commute with Q a , Q^- Namely, d = dz M q^w, 
which maps p-forms into (p+f )-forms, does not maps superfields into superfields. This tells 
us that the basis dz M is not useful for supersymmetry. We will introduce a new basis in the 
following, in terms of which exterior derivatives map superfields into superfields. 

The following differential operators D a , and d a commute or anticommute with Q a , 



D„ 



d a , 

d 



89 c 
D A = Da, 



+ i[o a r ) a d a , 
d 



d9« 



--t(9a a ) a d a 



(C.6) 



We will express these differential operators as D^, where the capital letter A denotes the 
spacetime index a, the spinor indices a or a. The derivative -^m can be written in terms of 
Da as follows: 

d 



Q Z M 



where the matrix eu A has the form: 



e M = M 



6m Da , 

A 


i a (<J b 0) 5 J 

\-ia(0<T b ) 



(C.7) 



\ 


-6 J J 



(at 



We define a matrix e A M such that 



e M A e A N 



X B 
OA 



>M 



N 



(C.9) 



From this, e A has the form 



('A 



M 



M 

( 5a b \ 

i«(<7 6 0) 6 J 

\-i a (9a b ) -8 J J 



(C.fO) 



By using and eM A , the exterior derivative d = dz 



M 8 



dz 



may be written as follows: 



d = dz 



M 



d_ 



dz M e M A D A 



= e A D A , 



(C.11) 
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where we have introduced a new basis e A defined by 

e A = dz M e M A , (C.12) 

or, from (|C.9D , 

dz M = e A e A M . (C.13) 

From now on we will call the index M Einstein index, while A flat index. 
We may expressed p-forms with this basis e A : 

n p = dz M ^--dz M -Q Mp -MM, 

= e A ^--e A -n Ap ... Al (z). (C.14) 

The relations between the components Qm p -Mi an d ^A p —Ai are determined from the above 
equation and the definition of e A . Since the matrix eu A depends on 9, 9, the basis e A does 
not commute with exterior derivatives, 

[d,e A ] = dz M e B ~D B e M A 

= e c e c M e B D B e M A 

(2ta^e a e a (A = a) 
\ (otherwise) 

= de A . (C.15) 
So in terms of e A , dQ p takes the form, 



dQ = e Al ■ ■ ■ e A ve u T> B n Ap ... Al 
+e A i---(de A *)Q Ap ... Al 
+ 

+ (de M )---e A »n Ap ... Al . (C.16) 

Note that de A is expressed only with e a , e a and does not depends on z = (x, 9, 9). Namely, 
in terms of e A , each component of dfl v is represented with and the components fl Ap ... Al of 
Q p . This tells us that, in terms of e A , if all components of fl p are superfields, all components 
of dfl p are also superfields. (Note that, in general, when fl Ap ... Al are superfields, fiAf p -- Mi are 
not superfields.) From the above argument, we can conclude that the basis e A is useful for 
sup er symmet ry. 
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Let us represent the one- forms A by using the basis e A , 

A = dz M Am 

= e A A A , (C.17) 
and from this, the relations between Am and Aa are 

Aa A a , 

Aa A a i{jr 9^j a A a , 

Aa = -A a -i(9a a ) a A a , (C.18) 

where a, a and a denote Einstein indices. Here we regard all the components Aa as super- 
fields. The gauge transformation of the component Aa takes the form, 

Aa — ^ A' a = -X^DaX + X- l A A X. (C. 19) 

The field strength T may be rewritten in terms of e A as follows: 
T = dA + AA 

= e A e B -D B A A + (de A )A A 

+e A A A e B A B 
= 2i ea a eA a 

+ l -e A e B {V B A A - {-)\ A W B \V A A B 

-A B A A + (-) lAm A A A B }, (C.20) 

and components of JF are 



Fab 


= d a A b - 


- d b A a - 


[A a , Ab\ , 


T 

J aa 


— OA 


- D A - 


— [«^0) Aa\ , 




— 8 A- - 


— Y) a A a 


— \Aai A a ] , 


? a/3 


= VaAp 


+ VpA a 


— {v4.q,, A@\ , 




= D a Ap 


+ D^^Aq, 


{A-dj Ap\ i 




D«-4q 


+ Dq.A.q, 


— {Aa-, Aa\ ~\~ 2?C7 ' aa.Aa 



where we define these by T = \e A e B T BA . Each component of T represents a full super- 
field multiplet. These multiplets contain a large number of component fields. Most of the 
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component fields are superfluous and must be eliminated through constraint equations. The 
constraint equations which we should take are well-known as flatness condition: 

Fafl — Fdip — F<xa. — . (C.22) 



Since our goal in this appendix is not to get the general solutions of (|C.22|) , here we adopt 
a following solution || |TU| 

A a = -e- v D Q e v , 



^fD d e- v D a e v , (C.23) 

where V = V^T r and e v is an element of the gauge group generated by T r . These equations 
trivially satisfy T a p = T^'p = 0' because A a = and A a has the form of pure gauge type. 
A a is determined to satisfy T aa = for the given A a , A a . 

We will assume that V is a real superfield;V = V^. V has the following form: 

V = C(x) + i9x(x) + i6x(x) 

+ i -66[M(x) + iN(x)} - % -ee[M{x) - iN(x)] 
-9cr a 6v a (x) + m0[\{x) + l -a a d aX (x)} 
-im[\{x) + % -a a d a x(x)} 

+~6669[D(x) + inC(x)] , (C.24) 

where the component fields C, D, M, N and v a are all real from the reality condition of V. V 
is called vector superfield and is a fundamental superfield in supersymmetric gauge theories. 
Since we have kept explicitly supergauge covariance in these arguments, the solutions which 
are given by exchanging e v for e v X in (|C.23| ) are also satisfy the flatness conditions. V 
has another ambiguity. Even if we exchange e v for e At e v where At satisfies D^At = 0, the 
equations ( |U.23| ) does not change. Combining this ambiguity with the gauge transformation 
in superspace, the transformation of V takes the form e v — > e v ' = e At e v X. Since V should 
also be real, X must be equal to e A . Therefore V transforms as follows: 

V V At V A 

e — ► e = e e e , 
DqA = 0, 

D Q A f = 0. (C.25) 
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We will call this transformation the restricted super gauge transformation in this paper 
because the element X of super gauge must satisfy X = e A , DqA = in the above transfor- 
mation. (note that, in the case X = e A , Aa remains zero, A a — > A' a = — e _A Do,e A = 0.) 

Let us define a new superfield W a , 

= -iDDe- v D a e v . (C.26) 
In terms of (y, 9, 6), = — ^ • From this we see that 

and, furthermore, 

D«W Q = . (C.27) 

Namely W a is a chiral superfield. The transformation of W a which follows (|C.25|) takes the 
form, 

>V a — > W a = e~ A W a e A . (C.28) 
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